Abstract. We introduce the notion of a prile of one-sided triangulated categories. Roughly speaking, a prile consists of two one-sided triangulated categories having a common full subcategory which inherits a pretriangulated structure from these ambient categories. The main example arises from exact model categories. This allows us to recover the pretriangulated structure of the homotoy category of an exact model category.
Introduction
The main purpose of this paper is to construct a pretriangulated category from a left triangulated category and a right triangulated category. This is motivated by the study of exact model categories.
The concept of an exact model category was introduced in [17] . In brief, it is a weakly idempotent complete additive category which has both an exact structure and a model structure and the two structures are compatible. Exact model categories play more and more important roles in the study of algebraic triangulated categories [17, 2] , singularities categories [1] , relative homological algebras [4] , approximation theory [28] and algebraic geometry [11, 12] . For more background and overview about exact model categories we refer the reader to [18, 29] .
The foundational result of exact model categories is Hovey's correspondence [17] : The model structure on a weakly idempotent complete exact category A that respects the exact structure is equivalent to two compatible complete cotorsion pairs on A. Given an exact model category A, let A c , A triv , A f be the classes of cofibrant, trivial and fibrant objects, respectively. Denoted by ω = A c ∩ A triv ∩ A f and A cf = A c ∩ A f , Hovey's correspondence implies that the homotopy category Ho(A) of A is equivalent to the stable category A cf /ω; see [4, 10, 1] .
The above interpretations motivate us to construct the homotopy theory of an exact model category A from its exact structure. Recall that D. Quillen has built the homotopy theory of a model category from its model structure; [24, 25] . When A is a hereditary exact model category [10] , its homotopy theory can be constructed from its exact structure. In this case, the subcategory A cf is a Frobenius category with ω as the injective-projective objects and the stable category A cf /ω has a triangulated structure induced by ω by Happel's Theorem [13] and the equivalence between A cf /ω and Ho(A) is a triangle equivalence [1] .
For general case, our starting point is to characterise which kind of additive subcategories of one-sided triangulated categories inherit the corresponding one-sided triangulated structures. This is motivated by the results in [21] where the author has established one-sided triangulated structures on A f /ω and A c /ω from ω. We introduce the notations of a left coreflective functor and a right reflective functor. A left coreflective functor is a fully faithful functor from an additive category to a left triangulated category which has a right adjoint and satisfies additional condition; see Definition 2.3. A right reflective functor is defined dually. We prove that if i : X → C is a left coreflective functor then X has an induced left triangulated structure from C and if i is a right reflective functor then X has an induced right triangulated structure from C; see Proposition 2.4. In order to construct a pretriangulated structure on A cf /ω from the one-sided triangulated structures on A f /ω and A c /ω, a prile of one-sided triangulated categories is defined. It is a triple (C 1 , X , C 2 ) consisting of a left coreflective functor from X to C 1 and a right reflective functor from X to C 2 satisfying some compatible conditions; see Definition 2.6. The result about priles is the following, see Theorem 2.7 for details.
Theorem A: Let (C 1 , X , C 2 ) be a prile of one-sided triangulated categories. Then X inherit a pretriangulated structure from C 1 and C 2 .
We apply the above results to the one-sided triangulated categories A f /ω and A c /ω and get the expected results:
Theorem B: Let A be an exact model category.
is a prile of one-sided triangulated categories.
(ii) A cf /ω has a pretriangulated structure inherit from A f /ω and A c /ω.
(iii) The pretriangulated structure on A cf /ω in (ii) is equivalent to the one on Ho(A) constructed by Quillen in [24] .
The statement (i) is Theorem 4.7, (ii) is Corollary 4.8 and (iii) is Corollary 4.10.
The contents of the paper are as follows. In Section 2, we introduce the notion of a prile of one-sided triangulated categories and prove Theorem A. In Section 3, we recall the standard material of exact model categories and their homotopy categories. Section 4 is aimed to prove Theorem B.
2. Priles of one-sided triangulated categories 2.1. One-sided triangulated categories. Let C be an additive category and Ω an additive covariant endofunctor on C. Let △ be a class of left triangles of the form Ω(A)
Morphisms between left triangles are triples (γ, β, α) of morphisms which make the following diagram commutative:
Definition 2.1. [3, Definition 2.2] The pair (Ω, △) is called a left triangulated structure on C if △ is closed under isomorphisms and satisfies the following four axioms:
(LT1) For any morphism f : B → A there is a left triangle in △ of the form
whose rows are in △ can be completed to a morphism of triangles.
(LT4) (Octahedral axiom) Given two composable morphisms g : C → B and f : B → A, there is a commutative diagram
such that the rows and the second column from the left are triangles in △.
A left triangulated category is a triple (C, Ω, △) consisting of an additive category C and a left triangulated structure (Ω, △) on C. Sometimes, we suppress Ω and △ and say that C is a left triangulated category.
Dually, we can define the notions of a right triangulated structure on an additive category and a right triangulated category .
In topology, the idea of an one-sided triangulated category even goes back to Heller's work in [14] . It is used by D. Quillen to define the homotopy theory of a model category; see [24, 25] . In algebra, one-sided triangulated categories arising from additive categories have also been studied by many authors; see [20, 3, 2, 4, 22] . Remark 2.2. If the endofunctor Ω is an autoequivalence, the left triangulated category (C, Ω, △) is a triangulated category in the sense of Verdier; see [30] . (ii) Given any morphism f :
→ iQ(A) be the left triangles in △ corresponding to f and Q(f ), respectively. Then Q(t) is an isomorphism where the morphism t is given by applying (LT3) of Definition 2.1 to the following commutative diagram of triangles:
(where ε : iQ → id C is the counit of the adjunction (i, Q)).
If in addition, X is a subcategory of C, we will call it a left coreflective subcatebory of C.
Dually, one can define the notions of a right reflective functor and a right reflective subcategory of a right triangulated category.
For example, if L : C → C is an exact localization functor between triangulated categories, the subcategory ker L is left coreflective and ImL → C is right reflective; see [5] . 
Proof. (i) We check the axioms of Definition 2.1 one by one.
(LT1) For any morphism f : B → A in X , by the construction of △ X , there
(LT2) By the construction of △ X , it is enough to check that
there is a commutative diagram of left triangles in △:
The above diagram induces an isomorphism of left triangles in X :
where Q(t) is an isomorphism by assumption and the commutativity of the diagram is by noting that ε i(B) = i(η = Q(ε C ). Thus the second row is a left triangle in △ X since the first one is.
(LT3) Without loss of generality, we may only consider the following diagram of left triangles in △ X QΩi(A)
By the axiom (LT3) of △, we have a commutative diagram of left triangles in △:
Then Q(l) is the desired filler.
(LT4) We claim that given any left triangle Ω(A)
This can be proved similarly to the proof of (LT2). Given two composable morphisms C g → B and B f → A in X , applying the (LT4) axiom of △ to i(f ) and i(g) we get a commutative diagram of left triangles in C:
which induces the desired commutative diagram of left triangles in
where the second column is a left triangle in △ X is by the above claim and the equality
(ii) can be proved dually. Definition 2.5. A pretriangulated structure on an additive category C is a quadruple (Σ, Ω, △, ▽) such that (i) (Σ, Ω) is an adjoint pair with unit η and counit ε.
(ii) (Ω, △) is a left triangulated structure on C and (Σ, ▽) is a right triangulated structure on C.
(iii) For any diagram in C with commutative left square
where the upper row is in ▽ and the lower row is in △, there exists a morphism δ making the diagram commutative.
(iv) For any diagram in C with commutative right square
An additive category C is called a pretriangulated category if there is a pretriangulated structure on C. Definition 2.6. Let C 1 = (C 1 , Ω, △) be a left triangulated category, C 2 = (C 2 , Σ, ▽) a right triangulated category and X an additive category. Let i : X → C 1 be a left coreflective functor and j : X → C 2 a right reflective functor. The triple (C 1 , X , C 2 ) is called a prile of one-sided triangulated categories if the following conditions hold: (i) (QΩi, RΣj) is an adjoint pair, where Q is the coreflector of i and R the reflector of j.
(ii) Let △ X be the class of left triangles and ▽ X the class of right triangles of X as constructed in Proposition 2.4. For any diagram
with the upper row is in ▽ X and the lower row is in △ X (where ε is the counit of the adjunction (QΩi, RΣj)), there exists a morphism s such that the diagram commutes.
(iii) For any diagram
with the upper row is in ▽ X and the lower row is in △ X (where η is the unit of the adjunction (QΩi, RΣj)), there exists a morphism t such that the diagram commutes.
For example, any recollement (T 1 , T , T 2 ) of triangulated categories gives rise to a prile of one-sided triangulated categories (T , T 1 , T ).
By the definition of a prile of one-sided triangulated categories and Proposition 2.4, it is not difficult to prove the following result:
Remark 2.8. Given a prile of one-sided triangulated categories (C 1 , X , C 2 ), when we say that X inherits a pretriangulated structure from C 1 and C 2 , we always mean that the pretriangulated structure is given as in Theorem 2.7.
Exact model categories and their homotopy categories
This section is aimed to review the standard material of exact model categories and their homotopy categories.
Model categories.
Recall that in a model category A, there are three classes of morphisms, called cofibrations, fibrations and weak equivalences. We will denote them by Cof, F ib and We, respectively. A morphism which is both a weak equivalence and a (co-)fibration is called an acyclic (co-)fibration. For details about model categories, we refer the reader to [24, Chapter I], [8] , [16, Chapter 1 ] and [15, Chapter 8] .
Given a model category, an object A ∈ A is called cofibrant if 0 → A ∈ Cof , it is called fibrant if A → 0 ∈ F ib, and it is called trivial if 0 → A ∈ We. We use A c , A f , A triv to denote the classes of cofibrant, fibrant, and trivial objects, respectively. Each object of A cf := A c ∩ A f is called bifibrant.
Exact model categories.
The concept of an exact category is due to D. Quillen [26] , a simple axiomatic description can be founded in [19 A to (A c , A triv , A f ) .
Here the statement in this generality is stated in [10, Theorem 3.3] .
Remark 3.5. If A is an abelian category which has enough projective and injective objects, the above correspondence is also discussed in [4, Chapter VIII].
Stable categories.
Recall that an additive subcategory X of an additive category C is called contravariantly finite in C if each object C of C has a right X -approximation, i.e. there is a morphism X C → C with X C ∈ X such that the induced map Hom C (X, X C ) → Hom C (X, C) is surjective for all X ∈ X . Dually, X is called covariantly finite in C if every object C has a left X -approximation, i.e. there is a morphism C → X C with X C ∈ X such that the induced map
Given two morphisms f, g : C → D in C, we say that f is stably equivalent to g with respect to X , written f X ∼ g, if f − g factors through some object of X . It is well known that stable equivalence is an equivalence relation which is compatible with compositions. That is, if f X ∼ g, then f k X ∼ gk and hf X ∼ hg whenever the compositions make sense. Let C/X be the stable category. That is the category whose objects are the same as C and whose morphisms are the stable equivalence classes of C with respect to X . Let π : C → C/X be the canonical quotient functor. The image π(C) of C ∈ C is denoted by C and the image π(f ) of any morphism f is denoted by f .
For simplicity, we will suppress the underline on the objects in stable categories but preserve the underline on the morphisms. If a morphism has a subindex such as f g in C, then we will write f g instead of f g in the stable category. The homotopy category of A is the Gabriel-Zisman localization [9] of A with respective to the class of weak equivalences and is denoted by γ : A → Ho(A). We will use γ c : A c → Ho(A c ) (resp. γ f : A f → Ho(A f )) to denote the localization of A c (resp. A f ) with respect to the class of maps in A c (resp. A f ) which are weak equivalences in A.
D. Quillen's homotopy category theorem [24, Theorem I.1.1] gives the following commutative diagram:
where ֒→ denotes a full embedding and ∼ → denotes an equivalence of categories. D. Quillen also has shown that there was extra structure on Ho(A) such as the suspension and loop functors and the families of fibration and cofibration sequences. The homotopy category category together with this structure is called the homotopy theory of the model category A; see [25] . When A is in addition an additive category, it just means that with this structure Ho(A) is a pretriangulated category in the sense of Definition 2.6. We refer the reader to [24, Chapter I] for explicit construction of the homotopy theory of a model category.
Priles of one-sided triangulated categories arising from exact model categories
In this section, we fix an exact model category A. 
with exact rows and the right square being a pullback.
Dually, one can construct an endofunctor Σ c of A c /ω and a class of right triangles 
(ii) (A c /ω, Σ c , ▽ c ) is a right triangulated category.
4.2.
Priles of one-sided triangulated categories arising from exact model categories. Since the subcategory of bifibrant objects A cf is contravariantly finite in A f and the cotorsion pair (A c , A tri ∩ A f ) is complete, we can assign each object A ∈ A f a short exact sequence
such that q A is a right A cf -approximation and ker q A ∈ A tri ∩ A f . In particular, q A is a weak equivalence. If A ∈ A cf we just let Q(A) = A. Given a morphism f : B → A in A f , there is a commutative diagram with exact rows:
we know that the induced morphism PB(y f ) → PB(f ) is a weak equivalence. Where the first column is a weak equivalence is by the 2-out-of-3 axiom of weak equivalences since we have an equality:
A are weak equivalences by the construction of exact model structure of A.
We will use i : A cf /ω ֒→ A f /ω and j : A cf /ω ֒→ A c /ω to denote the inclusion functors respectively. 
induced by the right A cf -approximation q A : Q(A) → A. Thus Q is a right adjoint of the inclusion functor i :
For (ii), dually, we can define a functor R : A c /ω → A cf /ω by sending X to R(X) and f : X → Y to a f . The functor R is a left adjoint of the inclusion functor j : A cf /ω → A c /ω and the adjunction isomorphism is induced by the left A cf -approximation r X : X → R(X) for any X ∈ A c .
Remark 4.4. (1) Note that for A ∈ A cf we assume that Q(A) = A, so the unit of the adjunction (i, Q) is the identity. Dually, the counit of the adjunction in (R, j) is the identity.
(2) For simplicity, we will omit the notations of i and j on objects.
Proof. Firstly, we prove that there is a natural isomorphism
, by the constructions of Σ c (A) and Ω f (B), there is a commutative diagram
We will use (QΩ f i, △ cf ) to denote the induced left triangulated structure on Proof. We only prove (i) since the statement (ii) can be proved dually.
(i) We denote by Ω Ho(A f ) the loop functor of Ho(A f ). We recall the left triangulated structure of Ho(A f ) as constructed in [24, Chapter I, Sections 2-3]. For every object A ∈ A f , A ⊕ W A is a very good path object for A:
The morphism (f, p A ) : B ⊕ W A → A is a fibration which has a kernel PB(f ) as constructed in the commutative diagram ( * * ). We have a commutative diagram:
